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Abstract 

Let six points 1, . . . , 6 lie in general position in the real projective 
plane and consider the pencil of nodal cubics based at these points, 
with node at one of them, say 1. This pencil has five reducible cubics. 
We call combinatorial cubic a topological type (cubic, base points) and 
combinatorial pencil the cyclic sequence of five combinatorial reducible 
cubics. Up to the action of the symmetric group S$ on {2, ... , 6}, there 
are seven possible combinatorial pencils with node at 1 . Consider now 
the set of six pencils obtained, making the node to be 1, . . . , 6. Up to 
the action of Sq on {1, . . . , 6}, there are four lists of six combinatorial 
pencils. 

Let 1, ... ,6 be six points in the real projective plane and consider the 
pencil of nodal cubics determined by these points with node at one of them, 
say 1. This pencil has five reducible cubics plus, possibly, some cuspidal 
cubics. We ignore the latter and consider the sequence of reducible cubics. 
Let us call combinatorial cubic a topological type (cubic, base points) and 
combinatorial pencil the cyclic sequence of five combinatorial reducible cu- 
bics, they are of the form lmU lijkl, where k, I, m} = {2, 3, 4, 5, 6}. We 
shall prove the following: 

Theorem 1 Let 1, . . . , 6 be six points in 1LP 2 . Up to the action of S% on 
{2, . . . 6} ; there are seven possible combinatorial pencils of nodal cubics based 
at these six points with node at 1. 

Up to the action of S 6 on {1, . . .6}, there are four possible lists of six 
combinatorial pencils of nodal cubics based at these six points with respective 
nodes at 1, ... 6. 



Proof: The conic and the 10 lines determined by five of the points divide 
the plane in 36 zones. Up to the action of £5 on {2, . . . 6}, we may assume 
that the six points are disposed as shown in Figure 1, where 2, 5, 3, 6, 4 lie in 
this ordering on a conic, and 1 is in one of the zones A, . . . G. Let 1 G A. We 
perform a cremona transformation cr : (x ;xi;x 2 ) — > (xiX 2 ] x x 2 ; x Xi) with 
base points 1,4,5. Let us denote the respective images of the lines 14, 15, 
45 by 5, 4, 1. For the other points, we keep the same notation as before cr. 
The three conies 14365, 31452, 61542 are mapped onto three lines 36, 23 and 
26, see upper part of Figure 2. After cr, let us consider the pencil of conies 
1236, and five particular conies of this pencil: the three double lines and the 
two conies passing respectively through 4 and 5. The cyclic ordering of these 
conies in the pencil is easily determined. Perform the cremona transformation 
back. The pencil of conies 1236 is mapped onto the pencil of nodal cubics 
based at 1, ... 6 with node at 1. The five particular conies are mapped onto 
the five reducible cubics. We repeat this procedure for the various positions 
of 1 G B, . . .G, with a cremona transformation based either in 145 or in 
136, see Figures 2-5. The sequences of five particular conies are displayed in 
Figure 6. The sequences of five reducible cubics for each case A, . . . G are 
shown in Figure 7, the pencils are drawn in Figures 8-11. More precisely, 
we have represented the successive types of combinatorial cubics in the five 
portions bounded by the reducible cubics. The upper middle pictures of each 
pencil B, C, G are not quite correct: in the actual pencils, the portion starts 
and finishes with cubics having a loop containing no base point other than 1. 
Inbetween, there is a pair of cuspidal cubics, and in the middle, cubics with 
an isolated node. We have represented only the latter. 

Consider any one of these seven pencils. We observe the following prop- 
erties: the cyclic ordering of the points 2, . . . , 6 is the same on each of the five 
types of non-reducible cubic, it is given by the pencil of lines based at 1, this 
follows from Bezout's theorem. The cyclic ordering of 2, ... 6 given by the 
lines of the successive reducible cubics is the same as the cyclic ordering of 
these points on the conic that they determine. The mutual cyclic orderings 
of 2, ... 6 given on one hand by the conic 25364, on the other hand by the 
pencil of lines based at 1, are displayed in the marked diagrams of Figure 12, 
where the circles represent the conies. Let us now consider together all six 
pencils of cubics with nodes at 1, ... ,6. If we take 1 in one of the zones 
E, F, G exterior to the conic 25364, then we note that 2 lies inside of the 
conic determined by the other five points. So, up to the action of Sq, we may 
assume that 1 is interior to a conic 25364. There are four lists of six pencils, 
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Figure 1: The 36 zones 



denoted by a, 0, 7, 5, see Figure 13. For a given list, each choice of a point 
1, . . . 6 gives rise to a diagram, it turns out that all six unmarked diagrams 
of a list are identical, and each list corresponds to a different diagram, see 
Figure 14. □ 

Rational cubics and pencils of rational cubics were used in [TJ-[3] to study 
the topology of real algebraic M-curves of degree 9. The combinatoric of 
generic pencils of cubics was studied in |3], for the particular case where 
eight of the base points lie in convex position. 
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Figure 5: cremona transformations for zone G 
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Figure 6: The seven pencils of conies 
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Figure 7: The 


seven pencils 


of cubics 
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Figure 9: pencils with node in 1 for zones C and D 
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Figure 13: The four lists of six pencils 
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Figure 14: The mutual cyclic orderings of the points on the conies and in 
the pencils of lines 
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